Abstract. We introduce a Sherrington-Kirkpatrick spin-glass model with the addition of elastic degrees of freedom. The problem is formulated in terms of an effective four-spin Hamiltonian in the pressure ensemble, which can be treated by the replica method. In the replica-symmetric approximation, we analyze the pressuretemperature phase diagram, and obtain expressions for the critical boundaries between the disordered and the ordered (spin-glass and ferromagnetic) phases. The secondorder para-ferromagnetic border ends at a tricritical point, beyond which the transition becomes discontinuous.
Introduction
The introduction of elastic degrees of freedom may change the nature of the continuous phase transitions of simple spin systems [1, 2, 3, 4, 5] . Although the effects of elastic vibrations are always present in realistic spin models, and have indeed been investigated in some situations, compressible models with disordered interactions remain almost unexplored. With the exception of a recently published numerical analysis of a compressible Edwards-Anderson spin-glass on a two-dimensional lattice [6, 7] , we are not aware of similar investigations for disordered systems with the addition of elastic degrees of freedom. We were then motivated to introduce a compressible SherringtonKirkpatrick (SK) spin-glass model [8, 9] , and to investigate eventual changes in the global phase diagram.
We treat the mean-field SK system in the pressure ensemble, which is more adequate to analyze the phase diagram in terms of the intensive field variables, temperature T and pressure p. Using the replica method, the calculation of the free energy is reduced to the minimization of a functional of three sets of replica variables. We obtain a number of results in the replica-symmetric approximation. In particular, we show that the presence of magneto-elastic couplings introduces a simple shift in the border between paramagnetic and spin-glass phases, and that there appears a tricritical point along the para-ferromagnetic border. Also, we perform an analysis of stability of the replicasymmetric solution and locate the de Almeida-Thouless line [10] .
The compressible SK model
The compressible Sherrington-Kirkpatrick spin-glass model is defined by the Hamiltonian
where S i = ±1, with i = 1, ..., N, v is the specific volume, v 0 > 0 is a constant parameter, γ is the magneto-elastic coupling, H is the external field, and k > 0 is a uniform elastic constant. As usual, {J ij } is a set of independent and identically distributed random variables, with suitably scaled mean values, J ij = J 0 /N, and variances, (J ij − J ij ) 2 = J 2 /N. Given a configuration {J ij }, we write the partition function in the pressure ensemble,
where p is the pressure, β = 1/ (k B T ), and the trace is a sum over spin configurations. Performing the volume integration, and discarding irrelevant terms in the thermodynamic limit, we have
with an effective four-spin Hamiltonian,
Using a Gaussian identity, we write the partition function as
which is in a more convenient form to be treated by replicas. According to the replica method,
where
with the definition
Taking the average over the exchange configurations, and discarding irrelevant terms in the thermodynamic limit, we have
which can be rewritten as
We now use Gaussian identities to introduce the new set of variables {m α }, associated with the magnetization, and {q αβ }, associated with the overlap between replicas, so that
In the thermodynamic limit, the free energy comes from
where the maximum should be taken with respect to the three sets of replica variables.
Replica-symmetric solution
In the replica-symmetric solution, with x α = x and m α = m, for all α, and q αβ = q, for all pairs (αβ), we have
with
The equations of state are given by
and
We now restrict the analysis to zero field (H = 0).
The transition between the spin-glass and the paramagnetic phase comes from the expansions of equations (16) and (18),
, and
There is a (positive) solution, q > 0, for
Introducing the notation
and using the definition of ξ, given by Eq. (15), we have the second-order boundary between the paramagnetic and the spin-glass phases,
In zero field, the calculation of the para-ferromagnetic transition comes from the analysis of the expansion
which can be written as
Introducing the dimensionless and more compact notation
Eq. (24) can be rewritten as
Inserting this expansion into the equations of state, it is easy to show that
from which we have the second-order para-ferromagnetic border,
The transition between the spin-glass and the ferromagnetic phases may be calculated from an analysis of the zero-field susceptibility. It is not difficult to show that this border is given by
where q comes from the equation
In order to investigate the eventual existence of tricritical points, we write the expansions
For m = 0, the coefficients of Eq. (31) indicate that there is no possibility of a tricritical point along the second-order border between the paramagnetic and the spin-glass phases.
At the para-ferromagnetic border, however, it is not difficult to locate a tricritical point at
Let us turn to the Hessian matrix associated with the replica-symmetric solutions of −βg. It is not difficult to see that there are thirteen distinct elements in the n → 0 limit. As in the standard SK model, the paramagnetic phase is always stable. In the ordered region, the change of sign of the transverse eigenvalue leads to an instability. The de Almeida-Thouless line is given by
where H = 0, and m, q, and x, are the equations of state.
Conclusions
We now draw a typical phase diagram in terms of temperature t = k B T /J and the ratio j 0 = J 0 /J (in zero field). The dotted lines in Figure 1 are the well-known replicasymmetric second-order boundaries, with the addition of the de Almeida-Thouless (AT) instability line, for the rigid SK model (with no magneto-elastic coupling). The location of these borders and of the AT line is shifted in the presence of a magnetoelastic coupling. The solid and dashed lines were drawn for the parameter values a = 1 + γp/k = 1.5 and b = Jγ 2 /2k = 0.5. For these particular values of pressure and elastic parameters, the second-order boundary between the paramagnetic and the ferromagnetic phases, given by t = 1/2 + 3j 0 /2, ends at a tricritical point, at j 0 = 2, beyond which there is a (dashed) line of first-order transitions. These are typical results for the compressible SK model in the replica-symmetric approximation. With the exception of the well-known corrections in the spin-glass region, as in the rigid SK model, the form of the effective four-spin Hamiltonian in the pressure ensemble does not indicate any drastic qualitative changes of the phase diagrams in a calculation beyond the simple replica-symmetric approximation.
